Cooling is used as a filter on a set of gluon fields sampling the Wilson action to selectively remove essentially all fluctuations of the gluon field except for the instantons. The close agreement between quenched lattice QCD results with cooled and uncooled configurations for vacuum correlation functions of hadronic currents and for density-density correlation functions in hadronic bound states provides strong evidence for the dominant role of instantons in determining light hadron structure and quark propagation in the QCD vacuum.
I. INTRODUCTION
Understanding the quark and gluon substructure of hadrons is particularly challenging because none of the standard analytic techniques of theoretical physics is applicable to the non-perturbative solution of QCD. Indeed, these standard techniques don't even provide a qualitative understanding of the mechanism responsible for the gross structure of hadrons -whether it is the Coulomb-like interaction between quarks arising from short wavelength fluctuations of the gluon field, the behavior at large distances associated with confinement, or a mechanism associated with topological structures in the QCD vacuum corresponding in the semiclassical limit to instantons.
The goal of this work is to use lattice QCD as a tool to understand the role of instantons in determining the gross features of the structure of hadrons and of the propagation of quarks in the QCD vacuum. Thus in this work, we use lattice QCD as a means to obtain physics insight into issues which are not experimentally accessible rather than to calculate experimental observables.
Our strategy for elucidating the role of instantons in hadron structure is to focus on correlation functions which characterize the gross structure of hadrons and quark propagation in the QCD vacuum and which are well described by quenched lattice QCD calculations which sample the full Wilson action. These calculations include all the fluctuations and topological excitations of the gluon field and thus include the full perturbative and non-perturbative effects of the short range Coulomb and hyperfine interactions, confinement, and instantons.
We then use cooling as described below to remove essentially all fluctuations of the gluon field except for the instantons which, because of their topology, cannot be removed by local minimization of the action. Thus, both the Coulomb interaction and confinement are almost completely removed while retaining most of the instanton content. To the extent to which the gross features of hadron structure and quark propagation in the QCD vacuum are unaffected by removing all the gluonic modes except instantons, we have strong evidence for the dominant role of instantons.
The vacuum correlation functions we consider are the point-to-point equal-time correlation functions of hadronic currents R(x) = Ω | T J(x)J(0) | Ω discussed in detail in an extensive review by Shuryak [1] and recently calculated in quenched lattice QCD [2] .
These correlation functions characterize the propagation of quarks and antiquarks in all the relevant hadronic channels and complement bound state data in the same way as nucleonnucleon scattering phase shifts complement deuteron properties in characterizing the nuclear interaction. Two results of Refs. [1] and [2] are of particular relevance to the present work.
First, the quenched lattice calculations of the correlation functions agree well with the dispersion relation analysis of experimental data in all channels for which data are available (pseudoscalar, vector, and axial vector) indicating that quenched QCD with present lattice technology describes the gross features of quark propagation in the vacuum. Second, the random instanton model also agrees reasonably well with the empirical results in these channels and with the lattice results in all other channels, indicating that if the instanton content of the QCD vacuum were similar to that parameterized in this model, the instantons also could account for the essential features of quark propagation.
To characterize the gross properties of hadrons, in addition to the mass, we consider quark density-density correlation functions [3] [4] [5] h|ρ(x) ρ(0)|h . In contrast to wave functions, which have large contributions from the gluon wave functional associated with the gauge choice or definition of a gauge invariant amplitude [6] , the density-density correlation function is a gauge-invariant physical observable which directly specifies the spatial distribution of quarks. Comparison of these correlation functions in full quenched QCD and retaining only the instanton content of the gluon configuration is therefore expected to provide a quantitative indication of the role of instantons in determining the spatial distribution of quarks in hadrons.
This present work is strongly motivated by the physical arguments and instanton models of QCD by Shuryak and collaborators [7, 8] and by Dyakanov and Petrov [9] . The basic picture is that although the dilute instanton gas approximation is inconsistent because the instanton probability increases with its size, when the interactions of instantons are taken into account, the vacuum may be characterized by a dense, stable distribution of instantons.
The zero modes of massless quarks associated with these instantons correspond to localized quark states, and the propagation of light quarks takes place primarily by hopping between these localized states. In the simplest version of the model [8] , the instanton vacuum is characterized by a random spatial and color distribution of instantons and anti-instantons of a single radial size ρ and density n. For subsequent reference, we note that when ρ is chosen to be 1 3 fm to fit the vacuum gluon condensate and n is chosen to be 1 fm −4 to fit the vacuum quark condensate, the random instanton vacuum model results in Ref. [8] yield a good description of the vacuum correlation functions.
The outline of the paper is as follows. In Section II, we describe the lattice calculation.
The results for the instanton content of the vacuum are presented in Section III, where we characterize the size and density of instantons in cooled configurations and indicate the degree to which other gluon fluctuations are removed. Hadronic observables in the cooled vacuum are presented and discussed in Section IV and the summary and conclusions are given in the final section.
II. LATTICE CALCULATIONS
As discussed in the introduction, we use cooling [10, 11] as a filter to extract the instanton content of 19 gluon configurations obtained by sampling the standard Wilson action on a 16 3 × 24 lattice at 6 g 2 = 5.7. A configuration is cooled by an iterated sequence of relaxation steps, where for each step, the action is minimized locally at every link of the lattice using the Cabibbo-Marinari [12] algorithm with three SU(2) subgroups and β = ∞. Although it is difficult to characterize the results of cooling precisely, it is clear that short wavelength, local fluctuations are removed most rapidly by cooling steps, and topologically stabilized instanton excitations are removed most slowly. (Although isolated instantons can slowly shrink and eventually disappear with extended cooling because of O(a 2 ) errors in the lattice action, the primary mode of removal is instanton-anti-instanton annihilation.) Thus, as the number of cooling steps increases, the instanton content of the configuration is strongly enhanced relative to all other gluon excitations.
To express this effect of cooling precisely, it is useful to write the expectation value of an operator O in uncooled and cooled configurations as
and
where f n [U] denotes the configuration of SU(3) elements obtained deterministically by applying n cooling steps to the configuration U. Then, by inserting 1
we may write
where
is an effective action defining the distribution of cooled configurations. Hence, the expectation value in the cooled configuration may be However, once the number of steps is larger than the loop size, there is nothing to prohibit the string tension from going to zero. The 4 × 7 Wilson loops were chosen as a measure of confinement for the practical reason that these were the largest loops that were already available from an earlier calculation at the same value of β with the same cooling algorithm [13] .
Finally, to monitor the instanton content, we measure the topological charge Q and topological susceptibility Q 2 , where
and we use the simplest expression for the topological charge density
Although this expression for the topological charge density is known to be inadequate for the large fluctuations occurring in uncooled configurations, it is adequate for the smooth configurations which emerge after several cooling steps. For subsequent reference, one should note that for a random ensemble of Poisson distributed instantons and anti-instantons, Q = 0 and Q 2 = I + A, the number of instantons plus anti-instantons.
As explained in the introduction, we characterize the propagation of quarks in the vacuum by the vacuum correlation functions R(x) = Ω|T J(x)J(0)|Ω . Specifically, as in Ref.
[2], we calculate the following correlation functions in the indicated channels:
As in Refs. [1] and [2] , we consider the ratio of the correlation function in QCD to the correlation function for non-interacting massless quarks,
, which approaches one as
x → 0 and displays a broad range of non-perturbative effects for x of the order of 1 fm. As described in Ref. [2] , the effects of lattice anisotropy are removed by calculating R 0 (x) on the same lattice as R(x) and measuring the ratio for a cone of lattice sites concentrated around the diagonal. Finite lattice volume effects are corrected by subtracting the contributions of first images as in Ref. [2] . Finally, the correlation functions are fit as in Ref. [2] by a spectral function parameterized by a resonance mass, the coupling to the resonance, and the continuum threshold.
Hadron density correlation functions are calculated as in Refs. [4] and [5] for the pion, rho and nucleon. To avoid calculating propagators between density operators, we consider the correlation functions
where J h denotes a point π, ρ, or N source and the correlation function is averaged over the central two time slices. Image corrections for finite volume effects are applied as in Ref. [14] .
A significant conceptual issue in comparing observables calculated using cooled configurations with uncooled results is how to change the renormalization of the bare mass and coupling constant as the gluon configurations are cooled. Clearly, as the fluctuations corresponding to gluon exchange are filtered out, the gluonic contribution to the physical mass and coupling constant change significantly, so our task is to find the most physical scheme to determine the hopping parameter κ and the lattice spacing a. A different, but equivalent way to state the issue is to note that the cooled calculation samples a different action, Eq.(2.1c). For the full theory, of course, the result should not depend on the choice of the masses or other observables used to determine κ and a. However, after filtering out all the gluonic excitations except instantons, there is no reason that all physical observables should be correctly reproduced, so different values of κ and a (as well as all other observables)
will arise from different choices of a pair of observables to determine the parameters of the theory. Since we are primarily interested in the instantons after cooling, the most natural quantity to use to determine a would be the topological susceptibility, χ. However, given the limitations of the naive topological charge density [15] , the uncooled lattice measurement of χ is unreliable, so there would be a large uncertainty in using it to determine a. (We will see below that if we did use this prescription, a would be essentially independent of cooling.)
In the end, we have chosen to use the physical pion and nucleon masses to determine κ and a for the cooled configurations. As expected, the critical kappa, κ c approaches the free field value 0.125 with increasing cooling. To the accuracy of our present calculations there is not a significant difference between extrapolating to κ c and to the physical pion mass, so results are quite insensitive to this choice. As will be seen below, a changes by ∼ 16% after 25 cooling steps when the nucleon mass is used to set the scale, and within errors, the rho mass remains unchanged after cooling with this value of a. The other extreme would be to keep a fixed at the uncooled value and thus display what remains in the original path integral when only instantons are retained. This constant a would also be consistent with the constant topological susceptibility. It is a remarkable result that these two extremes differ by only 16%, so that even if one took the most conservative possible view of not changing the scale, the qualitative results would still not be changed significantly.
III. INSTANTON CONTENT OF THE GLUON VACUUM
In this section we present the results of cooling the gauge field configurations. Since we are using the quenched approximation, the gluon configurations are not influenced by the quarks and may therefore be fully described independently of the subsequent discussion of hadronic observables.
To provide a clear picture of how cooling extracts the instanton content of a thermalized gluonic configuration, we display in Fig. 1 the action density S(1, 1, z, t) and topological charge density Q(1, 1, z, t) for a typical slice of a gluon configuration before cooling and after 25 and 50 cooling steps. As one can see, there is no recognizable structure before Since the nearby pairs continue to annihilate under further cooling, we only expect a clear plateau for the topological charge but not for the action in this region of cooling steps. It is only when the configurations are composed of well isolated instantons that plateaus for both action and topological charge would start to emerge. In our case, we expect this will happen beyond 50 cooling steps, where S /S 0 and Q 2 are nearly equal.
It should be emphasized that, because we used the naive definition for the topological charge density operator, which suffers both additive and multiplicative renormalizations, we cannot use Q 2 to estimate the topological charge susceptibility when the configurations
are not yet smooth. So the first few points in Fig. 2 total action starting to be dominated by the well isolated peaks. We regard the configurations cooled with 25 steps as providing a more complete description of the instanton content of the original configurations, and will therefore emphasize them in our subsequent calculation of hadronic properties.
In order to characterize the cooled configurations quantitatively and to compare with relevant instanton models, we seek to determine the average instanton size and the instantonanti-instanton density. To estimate the size we measure the topological charge density correlation function
where Q(y) is the topological charge density at point y and the sum is over the whole lattice.
The ensemble averages of f (x) at cooling step 25 and 50 are displayed in Fig.3 . The strong peak at small x is the correlation of a single instanton or anti-instanton with itself. The vanishing of f (x) at large x implies that the topological charge is uncorrelated at this larger distance and thus averages to zero.
If we assume that all instantons are well separated, we would expect that each individual peak can be approximated by the analytic instanton topological charge density
where ρ is the size parameter. To show how Q ρ (x) depends on ρ we plot Q ρ (x) in Fig. 4a for several values of ρ relevant to our present results.
Although in principle one should fit with a distribution of values of ρ, a first approximation is obtained by using a single value of ρ which we will interpret as an average value. A convolution of Q ρ (x) with itself defines a function which can be used to fit the lattice data with ρ as the fitting parameter. The continuous curves in Fig. 3 are the fitted results with ρ = 2.5a for 25 cooling steps and ρ = 2.8a for 50 cooling steps. The fits fail to reproduce the detailed shape for x/a ∼ 5. Assuming a uniform distribution for ρ improved the fit somewhat, but we are reluctant to use this method to infer the distribution. We believe that this apparent imperfection of the fitting is due primarily to the nonlinear overlap of instantons as observed in Fig.1 .
One way to estimate the instanton density n, defined as the number of instantons plus the number of anti-instantons per unit volume, is to simply divide the total action by a single instanton action and then divide by the space-time volume, which yields n = 64/V for 25 cooling steps and n = 31/V for 50 cooling steps. In addition, once instantons in the cooled configurations were sufficiently dilute to obey Poisson statistics we could also estimate the density using Q 2 , and we note that the two estimates Q 2 and S /S 0 begin to agree after 50 cooling steps.
As a further consistency check, we have also analyzed the cooled configurations directly by defining clusters. Two adjacent lattice points belong to the same cluster if the product of their topological charge density is greater than the square of a threshold value, t. A threshold parameter is necessary since instantons have tails that decay only algebraically.
Once again, if instantons are dilute, the size of the cluster for a given ρ and t is approximated by the single continuum instanton formula
We display V t (ρ) for several values of t in Fig. 4b . Note that V t (ρ) has a maximum for each threshold, and observe in Fig. 4a how for t = .002 the maximum is approached as ρ decreases from 3 to 2.5 to 2. In Fig. 5 the distribution of V t measured in nineteen configurations is histogrammed for two thresholds t = 0.003 and t = 0.005. One distinct feature in Fig. 5 Since the cooled configurations have very few instantons with ρ < 2 lattice units, we may choose the plus sign in Eq. (3.4) and calculate ρ uniquely from V t . If we correct the overlapping problem in our lattice data by simply dividing the lattice V t by 1.5, then we can convert Fig. 6 shows the result, including the Jacobian factor dV t /dρ. These ρ-histograms can be regarded as a rough estimate of the instanton size distribution in the cooled configurations. At t = 0.005, where the overlapping is less severe, we see that the distributions are centered around the mean values determined from the topological charge density correlation function, with widths of the order of a half lattice spacing. Note that the factor 1.5 introduced to extract an approximate distribution of ρ does not affect our determination of the average ρ and the density n. Table I summarizes our result in physical units. The lattice constant a is determined using the proton mass which is measured as described in the next section. The string tension in lattice units was estimated in Reference [13] using Wilson loops up to sizes 7 × 4, which corresponds to a distance of around 1 fermi. For comparison, the relevant parameters used in instanton models by Shuryak and collaborators [8] are also included.
Finally, we should note that a similar analysis of cooled configurations has previously been carried out in the case of SU(2) with smaller lattices and slightly different techniques [16] . In that work, the positions and magnitudes of peaks in S(x, y, z, t) were used to determine the distribution of sizes of instantons.
IV. HADRONIC OBSERVABLES IN THE COOLED VACUUM
In this section, we present the results for quark propagation and hadron properties in the cooled vacuum and compare them with the corresponding results before cooling.
As in Ref. [2] , we extrapolate the masses and vacuum correlation functions calculated at several values of κ to the physical pion mass. The masses extracted from the asymptotic decay of the correlation functions (which agree within errors with the less accurately determined resonance masses obtained from fitting the spectral functions) are tabulated in Table   II as a function of κ for 25 and 50 cooling steps. The quality of the chiral extrapolation for masses calculated at 25 cooling sweeps is shown in Fig. 7 . We note that M The chiral extrapolation at 50 steps is comparable, and together these extrapolations yield the values for a in Table I and the masses shown in Table III . The chiral extrapolation of the spatial dependence of the ratio of correlation functions
was carried out using polynomial extrapolation as in Ref. [2] . The quality of the extrapolation was comparable to that shown in Fig. 5 of Ref. [2] , and is not presented here to save space.
At this point it is appropriate to address error estimates for the parameters tabulated in Tables II and III . The errors quoted in Table II for hadron masses are standard jackknife errors. As observed in Fig.1 , the magnitude of short range fluctuations in the uncooled gluon configurations is several orders of magnitude larger than the smooth cooled gluon fields, which are reflected in significantly larger statistical errors for uncooled than for cooled configurations. Hence, we were unable to use the asymptotic decay of correlation functions to measure hadron masses for the uncooled configurations to the same accuracy as the cooled configurations, so in Table III the uncooled hadron masses are determined from the dispersion relation fit.
One source of systematic errors, as discussed in Ref. [2] , is our limited knowledge of the functional form of the spectral function. Thus the resonance plus background parameterization of the spectral function could lead to systematic errors larger than the small statistical errors quoted in Table III . Furthermore, since we fix the hadron mass to its asymptotic value in the dispersion relation fit for the cooled two-point functions, the errors for the fitted parameters are usually underestimated, due to the nonlinear nature of the dispersion relation fitting.
Because of these statistical and systematic errors, we emphasize that the error bars in Table III are underestimates, and care should be taken to avoid misinterpreting the results.
For example, one might superficially conclude from the numbers given in Table III that the mass splitting between the ∆ and the nucleon is decreased by cooling. However, from Fig.9 of Ref. [2] , we know that the dispersion relation fitted ∆ mass is about 20% higher than its asymptotic mass determined by the APE group. Therefore, in order to determine the amount of the mass splitting between the ∆ and the nucleon which originates from perturbative one-gluon exchange, one needs to go beyond the numerical precision of the present exploratory calculation.
A. Vacuum correlation functions of hadron currents
The principal results for vacuum correlation functions are presented in Figs. 8 and 9 . As in Ref. [2] , the individual contribution of the resonance and continuum components of the spectral function, as well as the sum, are plotted. In the top panels of Fig. 8 , we show the ratio of interacting to non-interacting current correlation functions,
, in the pseudoscalar channel for uncooled QCD, for 25 cooling steps, and for 50 cooling steps. This channel is by far the most attractive of all the meson channels, as reflected in the fact that the correlation function for interacting quarks is roughly 50 times larger than for free quarks, and is thus the only channel to be plotted on a log scale. Since the pion mass is used to determine the bare quark mass, masses of the pion resonance term in Fig. 8 are constrained to be fixed at 140 MeV. Note that after 25 cooling steps, the correlation function is qualitatively similar to the uncooled result, although the magnitude at 1.5 fm is roughly half as large.
After an additional 25 cooling steps, the peak grows in strength. Apparently, although the distribution of instantons after 50 steps is more dilute and less representative of the QCD vacuum than after 25 steps, it reproduces the uncooled correlation function slightly better.
To assure that this behavior is not a statistical artifact, in this and every other channel we analyzed two independent sets of 9 and 10 configurations separately and verified that the same behavior occurred in both cases.
Analogous results for
in the nucleon channel are shown in the bottom panels of Fig. 8 , where again the nucleon mass is constrained to be constant because it is used to determine the lattice spacing. The behavior is similar to that in the pseudoscalar channel.
After 25 sweeps, the correlation function is qualitatively similar to the uncooled result. In detail, the peak also appears lower after cooling, although this time it agrees within errors.
After an additional 25 sweeps the peak height increases again, agreeing even more closely with the uncooled result.
The ratios of correlation functions
for the vector channel are shown in the upper panels of Fig. 9 . In this case, the ρ mass governing the resonance peak is unconstrained, but as seen in the figure and in Table III , it does not change significantly with cooling.
Furthermore, in this channel there is virtually no change in the correlation function ratio with cooling.
Finally, the ratios of correlation functions in the ∆ channel are shown in the lower panel.
Again, although the position of the ∆ peak is unconstrained, it does not shift significantly with cooling. Although the peak height may grow somewhat with cooling, it is also consistent within errors with remaining constant.
The resonance masses M, couplings λ, and continuum thresholds S 0 , characterizing these correlation functions in each channel are tabulated in Table III . These numbers reflect the same features discussed above, and emphasize the similarity of the results after 25 and 50 cooling steps to the uncooled results. In addition, one observes quite general agreement both with phenomenological results where available and with the random instanton model and sum rules.
B. Hadron density-density correlation functions
Density-density correlation functions in the ground state of the pion, rho, and nucleon are shown in Fig. 10 . The striking result for both the rho and the nucleon is the fact that the spatial distribution of quarks is essentially unaffected by cooling -instantons alone govern the gross structure of these hadrons, as indeed they also governed vacuum correlation functions of hadron currents in these same channels.
The only case in which a noticeable change is brought about by cooling is in the short distance behavior of the ground state of the pion. This difference is understandable since in the physical pion, in addition to instanton-induced interactions, there is also a strong attractive hyperfine interaction arising from perturbative QCD which, combined with the 1/r interaction, gives rise to the central peak in the uncooled density. In contrast, in the rho the hyperfine interaction has much less effect, both because it is repulsive and because it is three times weaker. Despite this difference at the origin, which receives small phase space weighting, when the correlation functions are normalized to the same volume integral as in Fig. 10 , one observes that the overall size and long distance behavior do not change appreciably with cooling.
It is noteworthy that the cooled density-density correlation functions shown in Fig. 10 for the π, ρ, and nucleon are comparable, within error bars. This uniformity strongly suggests that instantons set the overall spatial scale for these hadrons.
V. SUMMARY AND DISCUSSION
In this work, we have used cooling as an effective filter to remove most of the excitations of the gluon field except for instantons. For example, after 25 cooling steps, when the presence of instantons and anti-instantons is clearly visible in the action density and topological charge density, reduction of the action to 0.3% of its original value has essentially removed all the perturbative, Coulomb-like contributions and reduction of the string tension to 27% of its original value has removed most of the effects of confinement. We have shown that the instanton content of the QCD vacuum extracted by cooling with no free parameters is remarkably similar to that of phenomenological models for which the average instanton size ρ ∼ We have also demonstrated nearly quantitative agreement between cooled and uncooled vacuum hadron current correlation functions in all channels. Similarly we have shown that the distribution of quarks in the ground state of the ρ and nucleon, as measured by densitydensity correlation functions, are virtually unchanged. The most noticeable qualitative effect of cooling is the removal of the peak in the pion density-density correlation at short distances arising from the attractive hyperfine interaction, but even for the pion, the gross size and long range behavior are not substantially altered.
The conclusion we draw from these results is that instantons do indeed play a dominant role in light quark propagation in the vacuum and in the low energy structure of hadrons.
The picture which emerges is that a light quark propagating in the QCD vacuum doesn't really respond to the details of the huge, short-wavelength fluctuations seen in the top of Fig. 1 , but rather hops between the localized quark states corresponding to the zero modes associated with the instantons which become visible in the lower panels of Fig. 1 .
Although we believe these results provide substantial evidence for the role of instantons, we recognize several significant limitations. Despite our best efforts to monitor the effects of cooling, cooling remains an imprecise filter. In addition to exploring alternative filters and characterizing the effect of cooling more completely it would also be worthwhile to complement this work with a companion calculation in which one modified the Monte Carlo algorithm to emphasize other excitations and suppress instantons.
There are several significant problems associated with use of the quenched approximation. Clearly, when nearly-zero modes are playing an important role in quark propagation, it is also important to include the small weight arising from the small eigenvalue in the determinant. In addition, in studying the instanton content of the vacuum, it is important to include fermion feedback so that, for example, the tendency of quark-anti-quark pairs to bind instanton-anti-instanton pairs is included. Hence, in view of the significant role of instantons in the quenched results reported in this work, it is important to explore the effect of dynamical fermions.
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